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1. INTRODUCTION 
Let R be a normal subgroup of a noncyclic free group F. Then we have 
a series f 2 fr 2 f2r 2 ... of two-sided ideals of the integral group ring ZF of F, 
where g denotes the augmentation ideal of the group ring ZG. For each 
71 3 0, the subset F(n, R) = F n (1 + f”r) is a normal subgroup of F whose 
identification is a long standing problem of Fox [4]. We call F(n, R) the nth 
Fox subgroup of F relative to R. It is well known that F(l, R) = R’, the 
derived group of R and F(n, F) = F n (I + fn+l) = y,+,(F), the (n + l)th 
term of the lower central series of F (see, for instance, [4]). Enright [3] has 
shown that F(2, R) = [R n y,(F), R n y&F)] y3(R) (see also [ll]). In Gupta 
and Gupta [8], the groups F(n, F’) have been identified for all n 2 1. Some 
progress has been made toward the general problem by the first author and 
will be reported elsewhere. In this paper we are interested in the properties of 
the groups F/F(n, R). 
Our investigation of the groups F/F(n, R) is motivated by some of the 
known results for the case n = I ; in particular, by the behavior of the upper 
and lower central series of F/R’. It is a well-known result of Auslander and 
Lyndon [I] that &(F/R’) (c,(G) denotes the Kth center of G) is nontrivial if and 
only ifF/R is finite. This is a consequence of their result that the F/R-action on 
R/R’, via conjugation in F, is faithful. Gruenberg [5] has observed that 
[,(F/R’) = &(F/R’). Regarding the lower central series ofF/R’, Gruenberg [5] 
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proves that if F/R is finite, then F/R' is residually nilpotent if and only if FIR 
is a p-group (see [16] for an extension of this result to infinite groups). In 
this paper we extend the above results to the groups F/F(n, R) for n 3 2. 
Our main tool for the investigation of F/F(n, R) is a faithful representation 
of F/F(n, R) by a group of (n + 1) x (n + 1) 1 ower triangular matrices with 
entries from a ring of polynomials over Z(F/R) (Sect. 2). The corresponding 
representation by 2 x 2 matrices is the well-known Magnus representation 
of F/R' which has been used by Bachmuth and Hughes [2] to give alternative 
proofs of some of the results in [ 1, 51. In Section 3 we first study the quotients 
F(n - 1, R)/F(n, R). These quotients, which are free Abelian, can be regarded 
as right F/R-modules via conjugation in F. We prove that all the nontrivial 
F/R-modules F(n - 1, R)/F(n, R) are faithful. This uses and extends a recent 
result of Passi [18] for the case 1z = 1. We next study the behavior of the 
upper and lower central series of F/F(n, R) which turns out to be similar to 
that of the corresponding series of F/R'. We prove that [,+,(F/F(n, R)) = 
&(F/F(n,R)) for all ti > 1 and [,(F/F(n,R)) is nontrivial if and only if FIR is 
finite. Finally, in Section 4 we prove, among other results, that if the augmen- 
tation powers of F/R intersect trivially, then F/F(n, R) is residually nilpotent 
(n > 1) and conversely. 
2. A MATRIX REPRESENTATION 
Let F be a noncyclic free group freely generated by a set X. For each n 3 1, 
let 
be a set of independent and commuting indeterminates. Let A, = Z(F/R)[A,] 
be the ring of polynomials in x:$‘s over the integral group ring Z(F/R) of 
F/R. We set A, = Z(F/R) and denote by T&4,), n 3 0, the ring of all 
(n + 1) x (n + 1) lower triangular matrices over A, . For each x E X, the 
matrix 
A$4 = 
oo--- 0 o- 
h:2) 1 0 - - - 0 0 
;; A;;’ 1 - - - 0 0 
------ - - 
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is an invertible element of T(A,), where, for w E F, w denotes the coset wR. 
Thus the map 
AL: x - W,), 
given by x ++ I&(X) defines a homomorphism of F into U, , the multiplicative 
group of units of T(A,). W e extend 4% by linearity to a ring homomorphism 
&*: ZF + T&J. 
It is useful to note that the matrix +11*(~), u E ZF, is the (n + 1) x (n + 1) 
submatrix of 4,*,,(u) obtained by deleting the (n + 2)th row and the (n + 2)th 
column. For u E ZF we denote by qj(n) (n + 1 3 i > i > 1) the q-entry of 
+12*(~) (which is also the q-entry of q5m*( ) f u or all m > n). It may be observed 
that ari: ZF ---f Z(F/R) is the natural homomorphism induced by F + F/R. 
Our main result of this section is that the homomorphism &*, n > 0, 
provides a faithful representation of ZF/f”r by triangular matrices (here 
f” = ZF). 
THEOREM 2.1. For all n 3 0, Ker &* = f”r. 
Proof. We proceed by induction on n > 0. For n = 0, T(A,) = Z(F/R) 
and +o* is the natural projection ZF + Z(F/R) whose kernel is the two-sided 
ideal for generated by r in ZF (see [6, Chap. 31). Let n > 0 and assume the 
result for n - 1. We first show that f”r < Ker &*. An arbitrary element of 
pt is a linear combination of elements of the form z = (w - l)z’, Z’ E fn-lr, 
w E F. It is, therefore, enough to show that qj(z) = 0 for n + 1 2 i > j > 1. 
Since z’ E fn--lr, by the induction hypothesis, &(z’) = 0 = q&(z) SO that 
olii(z’)=O=~ij(z)forn>,i~:j~1.Further,foranyn+13j~1, 
r&+1 
"n+&) = c %+1,&J - 1) %&') 
k=j 
01 +1.n+1(w - 1) %+1,i(4 
= 0, since %+1,7a+1W = 1. 
This proves that f”r ,( Ker q&*. For the reverse inclusion, let z E Ker I#%*. 
Then z E Ker +o* < f. Since f is a free right F-module with basis {X - 1; 
XE-9, 
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where p(x) E ZF is zero for all but finitely many x’s Now for n 2 k 3 I 3 1, 
we have 
kfl 
OZ 
01k+1,d2) = c c ~k+l.& - 1) oljd&N 
z j=l 
= c ak+l,k (x - 1) olkL(p(x)) (since CQ(X - 1) = 0 
z 
forj -j’ 2 2) 
Since hpil,k’ s are independent, it follows that C+&(X)) = 0 for each x E X. 
Hence, #-i(p(x)) = 0 and consequently, by the induction hypothesis, 
p(x) E fn-lr. This proves that z E far. 
Remark 1. SinceF/F(n, R) is embedded in ZF/f”r (wF(n, R) ++ w - 1 + fnr, 
w E F), we obtain a faithful representation of F/F(n, R) by triangular matrices: 
wF(n, R) t-t &(w), w EF. This representation is similar to the one given by 
Enright [3] and was first observed by Gupta and Gupta [g]. 
Remark 2. With R = F we get a representation of the free nilpotent 
group F/Y~+~(F) as pointed out in Gupta and Gupta [7]. 
In the following lemma we collect some useful facts required in Section 3. 
LEMMA~.~. (i)ForuEfn-l,i~j~2,i--j<n-l,olij(u)=Oand 
a,+1,z(u) = 0 if and onzy if u E f”. 
(ii) For u E fn-5, w EF, 
%+&W) = %+1,1(4 . w. 
(iii) For n > 2, u E R n y&F), ~1 E R n ynel(F), 
%+l*l@~ 4 = %+1.2(4 4 - %+1,2(4 4 
(here [u, 211 = u-lo-lu~). 
(iv) For n 3 2, u EF(TZ - 2, R), o E R, 
%+1,1(C% VI) = %+12(4 4~) - %+1,&) %lW 
(v) ForuEf”,m),n>l, 
%+1,1W E ~“-“42 I 
where Q is the augmentation ideal of H = FIR. 
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Proof. (i) The assertion follows from Theorem 2.1 with R = F applied 
to the ring of submatrices obtained by deleting the first row and first column 
of all &(x)‘s. 
(ii) The matrix multiplication yields 
n+1 
%+1.1@4 = c %+1.&4 44 
?=I 
= s+~,&) 4~) (since s+&) = 0 
forj > 2 by (i), u being in f”) 
%+1&) . w. 
(iii) For w E y,-,(F) n R, CQ(W) = 1 for i = 1, 2 ,..., n + 1 and, by (i), 
aii(w) = 0 for i > j 3 2, i - j < n - 1. In particular, c~~+r.Jw) = 0 for 
3 < j < n. Using these and the matrix multiplication, we get 
%+1,1W 4) = a,+l,l(u-lv-luv) 
= %+1,1W + O1 n+l,zw(%l(~-l) + 44 + %lW) 
n+1 
+C %+l,&-l) f %kW CyklW 
j==l ( k=l 1 
= %+l,l(u-l> + %+1*2W %(4 + %+1.&-‘) 
+ %+l.e(~-l)(%lw + 4~)) 
n+1 
+C s+~,~(u) ~kl(4) (since cd-Y = -~&4) 
k=l 
= %+I1 , (0 + %+1,2(u-1) 44 + %+1&+) 
+ %+l,z(+)(%lw + 4~)) + %+1,1W + %+1&> %lW 
+ %+1,1W 
Now taking v = 1 and u = 1, respectively, in the above equation gives 
and 
%+l,l(u-l) + “n+l,de 44 + %+1,1(4 = 0 
“n+l.l(~-l) + %+l.de 44 + %+1.&u) = 0. 
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Hence, 
%+1,1@4 4 = %+1,2(+ %1b4 + %+1.2(4 4 . 
But G+~,~(+) = -~+~,dw), since o~,+~,~(V-~U) = 0. Consequently, 
%+1,1@4 c>I) = %+1,2(4 4 - %+1,2(~u) %W. 
(iv) The proof is similar to that of (iii). Here we note that, since 
u~F(n-2,R),oc,~(u)=Oforn-l~Z>>j~Iandol~~(u)=lfori~1. 
Moreover, u E 1 + fn-‘. As in (iii), we have 
%,lJ([% nI> = %+1,1(~-1+4 
= %+1,1W + %+1,2W %W 
n+1 
+C %+l,&-l) 
j=l (' 
i ?kW Zkl(4 
k=l 1 
= %+1,&-l) + %+l,B(~-l) 44 
?Z+1 
+C %+1,&+) %lW 
j=l 
n+1 i-1 
+C %+l,h-l) c oljk(4 oIkl(4 
j=l k=l 
= %+1,1W + %+1,2W %lW + %+1,1(+4 
= %,l,lW + %+1,‘2W 44 + %+1,nW %l@) 
+ %+1,1(U) + %+1,2(4 %W 
Now, as before, o~,+~,~(u-l) + N~+Ju-~) OILY + o~,+~,~(u) = 0 and hence 
((Y,+~,~(v’-~) = -E~+~,~(u) follows from ~fl+l,J~-l~) = 0). 
(v) The proof is by induction on m. For m = I, the result is trivial. Let 
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m > 1 and assume that the result holds for m - 1. Let u E f”. Then 
u = xsEX (x - 1) p(x), where p(x) E f”-l. Now 
n+1 
"n+1,1((X - 1) 44) = 1 %+1& - 1) %lM4) 
Ic=l 
= eL&1(P(~)). 
By induction hypothesis, U,,&(X)) E lj(mpl)-(n-l)An for n - 1 > 1. For 
n = 1, %r((x - 1) p(x)) = X~~c&(x)) E ljm-lAn , since an: ZF -+ Z(F/R) 
is a ring homomorphism. This completes the proof of the lemma. 
3. SOME PROPERTIES OF F/F(n,R) 
We first investigate the quotient F(n - 1, R) = F(n - 1, R)/F(n, R) 
(n > I), which can be regarded as a right F/R-module by setting 
uF(n, R) . w = w-LwF(n, R) 
for w E F, u E F(n - 1, R). By Theorem 2.1 and Lemma 2.2(ii), the mapping 
a,+l,l: f-r/f’? -+ A, 
given by 
%+1,& + f”d = %+*,1(4 u E p-lr, 
is an F/R-monomorphism. Thus both f”-lr/f”r and F(n - 1, R) are free 
Abelian groups for all n > 1. Further, the annihilator of the F/R-module 
F(n - 1, R) is given by 
AnnP(n - 1, R) = {Z E Z(F/R) 1 o~,+i,i(u) . z = 0 for all u E F(n - 1, R)). 
Generalizing the Auslander-Lyndon theorem that the F/R-action of R/R’ is 
faithful, Passi [18] has shown that Ann R/R’ = 0. It now follows from an 
earlier work of Mital and Passi [17] that Ann(y+r(R)/y,(R)) = 0. Here we 
seek information regarding the annihilator of P(n - 1, R). If R < ye(F), 
R 4 rc+dFh then 
R’ < (1 + r”) n F < (1 + fcr) n F = F(c, R) < R’. 
In particular, AnnF(n - 1, R) = Z(F/R) for n = 2, 3 ,...., c (C > 2). We 
show that in the remaining cases the annihilator is zero. 
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THEOREM 3.1. Let R be a normal subgroup of F such that R < ye(F), 
R 4S ~c+dF)t c 2 1. ThenAnnF(n - I, R) = Oforalln 3 c + 1. 
Proof. Case 1. F/R jinite. In this case, c is necessarily 1. Let u E R be an 
arbitrary element and let %i(u) = C, p(x) Xg), p(x) E Z(F/R), x E X. Let 
z E AnnP(n - 1, R), 71 > 2. If order of F/R is m, then xrn E R for all x E X. 
For j _ I, 2 ,..., n - 1, set 
Wj(X) = [[... [u, x”] ,... 1, x”“] (x” repeats j times). 
Clearly w,~r(x) E m(R) < F(n - 1, R). Hence 
%+dW,-l(4) . z = 0 
By Lemma Z.Z(iv), 
for all x E x. 
%+lJ(%l(4) = %+1,2(Wn-2(X)) %?1(xn2) - %+l,n(Xrn) %lh-2(X)). 
The coefficient of hFi,,% ... $$hiT” (x’ # zc) in the expansion of 
~n+l,l(~+l(x)) . z is (-l)+lm”~lp(x’)z. (To see this we note first that the 
term G+~,~(w,-~(~) c4xm) d oes not contribute to the desired coefficient, 
and second that OT~+&X~) = mA$ f or i > 2. Thus iteration yields the 
result.) Hence I . ,a = 0 for x’ # x. Since x, x’ are arbitrary, it follows 
that p(x) . z = 0 for all x and consequently aai(2c) . z = 0. The result of 
Passi [18] now shows that z = 0. 
Case 2. F/R injnite. We first observe that for n > c, R n m(F) ~1 
R n Y~+~(F). For, otherwise [[[R, F],...], F] (F repeats 71 - c times) is a sub- 
group of R n ya(F) < R n Y~+~(F), which implies that R < Y~+~-(+~)(F) = 
Y~+~(F) (since for i 3 2, &(F/y,(F)) = ri-l(F)/n(F)), contrary to the assump- 
tion. Thus for n > c + 1, we can choose ZI E R n ynWl(F), u # m(F). Let 
u E R n Y,+~(F) and x E AnnF(n - 1, R). As [u, U] EF(~ - 1, R), we have 
O- CI~+~,~([U, 711) . x = -oI,+~,~(v) Q(U) . z (Lemma Z.Z(iii).) Since v f y,(F), 
~~+r,a(~) # 0 (Lemma 2.2(i).) Further, az,+r,a(71) is an integral linear com- 
bination of monomials of the form Xrii,, ... A2-l) (xi E X). It follows that 
c+~(u) . z = 0. Now for U’ E A, fi EF, 
Therefore, 
0 = cl&(u) . z = azl(u’)(f, - l)(f2 - 1) ... (fn-e+I - I) . z 
and it follows that 
(fi - l)(fz - 1) ... (fn-c+l - 1) . z = 0 for all fi EF/R. 
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Since F/R is infinite, we conclude that x = 0. This completes the proof of 
Theorem 3.1. 
An immediate consequence of Theorem 3.1 is the following. 
COROLLARY 3.2. If R < y,(F) and R < Y~+~(F), then the FIR-action on 
F(n- I,R), n >c+ 1, is faithful, i.e., if w EF and ii. w = ti for all 
ti~F(n - 1, R), then w = 1. 
We now study the behavior of the upper central series of F/F(n, R). 
THEOREM 3.3. Let R be a normal subgroup of F such that R < y,(F) and 
R 4G ~c+dF). Then 
(i) &(F/F(n, R)) < {,(R/F(n, R)) = F(n - c, R)/F(n, R) for all n > c. 
(ii) S,+,(F/F(n, R)) = S,(F/F(n, R)) for all 71 3 1. 
(iii) {,(F/F(n, R)) is nontrivial if and only if F/R is$nite. 
Proof. (i) The inclusion &(F/F(n, R)) < [,(R/F(n, R)) follows from the 
fact that <,(F/R’) < R/R’ [l]. 
To prove that {,(R/F(n, R)) < F(n - c, R)/F(n, R) we proceed by induc- 
tion on n > c. Since F(c, R) = R’, the assertion holds for n = c. For n > c, 
u E F, uF(n, R) E <,(R/F(n, R)) implies that [u, ZI] EF(n, R) < F(n - 1, R) 
for all ZJ E R. Therefore, by the induction hypothesis, u EF(n - 1 - c, R) < 
y,-,(F). As R r\ Y~+~(F) $ R’ (R n Y~+~(F) < R’ implies that [R, F] < R’, 
which is not possible for R #F [l]), we can choose z+, E R n y,+,(F), v,, q! R’. 
Now [u, vu] EF(n, R) implies that 
A simple calculation shows that 
Thus al,+,,,(u) 01ar(o,,) = 0. Since ~a $ R’, 01ar(~,,) # 0 and we conclude that 
o~,+r,a(~) = 0. This shows that u E y,(F) (Lemma 2.2(i).) Consequently 
~l,+r,~(u) = 0 for 2 < i < n. Finally, if ZI’ E R, V’ $ Y~+~(F), then 
Hence 01 la+lPc,I(~) = 0 (since v’ 6 Y~+~(F)). This proves that u E F(n - c, R) as 
required. Since F(n - c, R)/F(n, R) < &(R/F(n, R)), the proof of (i) is 
complete. 
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(ii) The case 11 = 1 is a result of Gruenberg [5]. Let n > 1 and assume 
the result for n - I. Let zuF(n - 1, R) E clE+l(F/F(n, R)), w E F. Then by 
induction, wF(n - 1, R) E [,-,(F/F(n - 1, R)) so that $+i(w’) = I, the 
identity matrix, where 
w’ = [... [w, wl] ,..., w,-~] EF(H - 1, R), wi EF. 
Now %a+l,*@‘~ Yl) y a~,+r,r(w’) . (y - 1) for all y EF (Lemma 2.2(ii).) 
Therefore, 
Ox %+1,1([[W’, Yl, 4) 
= %2+1,1(w’)(Y - l)(z - 1) for all y, z E F. 
Consequently 
%+dW’)(Y - 1) = 0 for all y E F. 
This in turn implies that 01 n+l,l([~‘, y]) = 0 for all y E F. Now 
an+&[w’, y]) = 0 for 1 < i < 12 + I (Lemma 2.2(i).) Hence +%*([w’, y]) = 1, 
showing that [w’, y] E F(n, R), i.e., wF(n, R) E f;JF/F(n, R)). 
(iii) Let F/R have order m < co. Let X, y be two distinct generators of 
F. Then xm, ym E R and w,-r = [... [[x”, y”], y”] ,..., y”] (y” repeats n - I 
times) lies in y,(R) < F(tz - 1, R). If z = CE, fi E Z(F/R) is the sum of all 
the elements of F/R, then clearly w,-,F(n, R) ’ x belongs to &(F/F(n, R)). 
We assert that w,-9(n, R) . z # 0 or equivalently o~,+r,r(w,-r) . z # 0. We 
show by induction on n > 1 that the coefficient of h$r n ... $‘A;$ in 
OI,+~,~(W~-~) is (-m)“-l Cz!Y1 xi, which implies the assertion. For n = 1, 
oIzl(wo) = OIZ1(Xrn) = -g;’ X9g’. Let n > I and assume the statement for 
n - 1. Then, by Lemma 2.2(iv), 
ctn+l,l(Wn-l) = “n+1,2(%-2) %l(Y”) - %+1AY”) %1@%-2)~ 
Since the first term on the right-hand side does not contribute toward the 
desired coefficient and ~l,+r,Jy~) = ?nX$$i,, , the result follows by induction. 
That &(F/F(n, R)) is trivial for F/R infinite is an immediate consequence of 
the following characterization of the center of F/F(n, R). 
THEOREM 3.4. Let C/R = &(F/R’). Then [,(F/F(n, R)) = U/F(n, R), 
where U = F n (1 + fn-lc + f?). 
Proof. That U/F(n, R) < &(F/F(n, R)) follows from the fact that cf < fr. 
For the reverse inclusion we proceed by induction on n > 1. The assertion 
holds trivially for 7t = 1. Suppose it holds for 11 - 1 (n > 2). Let wF(n, R) E 
481/43/r-14 
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S1(w(~, RN. w e assert that w eF(n - 1, R). If F/R is finite, then Theorem 
3.3(i) gives that w eF(n - 1, R), for in this case R $ y,(F). Let F/R be 
infinite. Then C = R’[l]. Since wF(n - 1, R) E &(F/F(n - I, R)), induction 
gives that w - 1 E fn-% + fn-lr = fn-lr, i.e., w EF(~ - 1, R). Thus 
w eF(n - 1, R) always. We can therefore write 
w - 1 = c (Xi1 - 1)(x,, - 1) ... (X+r - I)(r, - 1) (mod f”r), 
where xii E X, ri E R. Now 
Since wF(n, R) E [,(F/F(n, R)), 
a,+l,l(w - 1) . (f - 1) = 0 for all f EF. 
Therefore, c+~(YJ . (f - 1) =’ 0, i.e., azl([ri, f 1) = 0 for all f E F. Hence 
[vi , F] < R’ [15] and so ri E C for all i. It follows w - 1 E fn-lc + fnr, i.e., 
w E U, as required. 
4. RESIDUAL PROPERTIES OF F/F(n,R) 
In this section we study some residual properties of F/F(n, R). 
Let K be a commutative ring with identity. The natural homomorphism 
Z+K, nk+nl,, ?zEZ, lK = the identity of K, induces a ring homo- 
morphism p: A, + A,,, = K(F/R)[A]. The ring homomorphism /3 together 
with the group homomorphism &: F/F(n, R) - U, (Sect. 2) induces a ring 
homomorphism 
I9 nx: KWFh RN - W%x) 
from the group ring K(F/F(n, R)) of F/F(n, R) over K into the ring T(A,,K) 
of lower triangular matrices over A,,, . Let Ij, and mn,K denote the augmenta- 
tion ideals of the group rings K(F/R) and K(F/F(n, R)), respectively. The 
following result is useful for the study of residual properties of F/F(n, R). 
THEOREM 4.1. If f-j+. I& = 0, then for all wF(n, R) E nT D,,,(F/F(n,R)), 
B,,,(wF(n, R)) = IK, the identity matrix, where D,,x(F/F(n, R)) = F/F(n, R)n 
(1 + mk ) is the rth dimension subgroup of F/F(n, R) over K. 
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Proof. Clearly Bn,K(ntn,K) is generated over K by the matrices 
-w-lK 0 O---O’ 
/3ciZl(W) 0 0 - - - 0 
- - 
Therefore, for u E in::; , j > 1, the entries in the first column of e,,,(u) all 
belong to I&A,,, while all other columns are zero. Now let zuF(n, 11) E 
fir D,,,(F/F(n, R)). Then zuF(n, Ii) - 1 E in;,, for all r > 1. Hence 
B,,,(wF(n, R) - 1) = 0 since nr l$ = 0. Consequently B,,,(wF(n, R)) =: lK. 
COROLLARY 4.2. (i) If (Jr br = 0, then F/F(n R) is residually nilpotent. 
(ii) If FIR is residually torsion free nilpotent, then so is F/F(n, R). 
(iii) If FIR is residually nilpotent p-group of bounded exponent, then so is 
V(n, RI. 
Proof. (i) follows from Theorem 4.1 with K = 2. 
(ii) If F/R is residually torsion-free nilpotent, then (Jr l$ = 0, where 
Q is the field of rational numbers [l I]. Hence, by Theorem 4.1 with K ==: Q, 
nr D,,,(F/F(n, R)) = 1 which implies that F/F(n, R) is residually torsion-free 
nilpotent. 
(iii) Let F/R be residually nilpotent p-group of bounded exponent. 
Then by [ll, Theorem E], fir lj~,vsz = 0 for s 3 1. We assert that 
ni,jp’iyj(F)F(n R) = F(n, R) (and so F/F(n, R) is residually nilpotent 
;yy of bounded exponent). Suppose w E ni,j FP”yj(F) F(n, R). Then 
D ,,z,&F/F(n, R)). If w $F(n, R), then we can choose an integer 
s 3 l”kch that the entries below the main diagonal of &(w) do not all 
belong topSA, . Now or IJ~,~~~ = 0 implies that 0n,Z19.Z(wF(n, R)) = IZIPRZ , 
contrary to the choice of s. Hence w sF(n, R). 
Remark 3. Parts (i) and (iii) of Corollary 4.2 have also been noted 
independently by Hurley [ 131. 
Using Theorem 3.1 we can establish the converse statements of Corollary 4.2 
(with n > 1 in (i)). The arguments are similar in all the three cases. We give 
the details for the converse of Corollary 4.2(i). 
THEOREM 4.3. If for some n > 1, F/F(n, R) is residually nilpotent, then 
nr $9 = 0. 
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Proof. We can assume without loss of generality that either n = 1 or 
n > c, where R < y,(F), R Q yc+r(F). In either case F(n - 1, R)/F(n, R) is a 
faithful Z(F/R)-module (Theorem 3.1 and [IS]). If x E fir ljr, then 
F(n - 1, R)/F(n, R) . z = 0 and so .z =z 0. 
5. CONCLUDING REMARKS 
Remark 4. In Theorem 3.3 we have shown that c,+,(F/F(n, R)) = 
&(F/F(n, R)) for all n 3 1. For F/R finite, we leave open the question whether 
the inclusion &(F/F(n, R)) < <i+l(F/F(n, R)) is proper for 1 < i < n. 
Remark 5. The technique employed in the proof of Theorem 2.1 can be 
used to obtain a faithful matrix representation of F/F(n, R, m), where 
F(n, R, m) = F n (1 + f”rf”), m, n 3 0. The corresponding group is 
generated by all m + n + I :‘: m + n + 1 matrices 
-1 
/\(s) 
21 
L 
~‘“’ . 1 
m.m-1 
x(x’ 
m+1,m X 
h(X) 
m+z,ml-1 
0 
0 
x(x’ 
m+n+1,ntn l- 
The identification of F(n, R, m) seems an extremely difficult problem (see 
[9, lo] for identification of F( 1, F’, 1) and [14] for F(1, R, 1) when F/R is a 
torsion-free l-relator group). The results of Corollary 4.2 also hold for 
F/F(n, R, m). The proofs being similar, we omit the details. 
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